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Abstract: Using the known resummation of virtual corrections together with knowl-
edge of the leading-log structure of real radiation in a parton shower, we derive analytic
expressions for the resummed real radiation after they have been integrated over all of
phase space. Performing a numerical analysis for both the 13 TeV LHC and a 100 TeV
pp collider, we show that resummation of the real corrections is at least as important as
resummation of the virtual corrections, and that this resummation has a sizable effect for
partonic center of mass energies exceeding
√
s = O(few TeV). For partonic center of mass
energies
√
s & 10 TeV, which can be reached at a 100 TeV collider, resummation becomes
an O(1) effect and needs to be included even for rough estimates of the cross-sections.
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1 Introduction
It is well known that perturbative corrections in scattering processes have infrared (IR)
sensitivity to soft and collinear emissions. For electroweak corrections involving massive Z
and W bosons, the mass of the vector boson regulates the IR divergences, such that the
IR sensitivity yields logarithmic dependence on the ratio of the vector boson mass over the
partonic center of mass energy
LV ≡ lnm2V /s . (1.1)
Both virtual and real corrections give rise to such logarithmic corrections, and as usual,
their effect cancels in fully inclusive observables.
This situation is very similar to the more common situation of gauge theories with
massless gauge bosons, such as QCD, for which both virtual and real corrections are IR
divergent, and the divergence cancels in the sum that enters in any physical observable.
However, there are two main differences: First, for massive gauge bosons, both virtual and
real contribution are separately finite (albeit with logarithmic dependence on the ratio of
the mass of the vector boson to the center of mass energy), such that there is no need
to combine them for physical observables. Second, even if the measurement is completely
inclusive over the final state, the initial beams of colliders are typically not SU(2) singlets,
such that one can never perform a fully inclusive measurement. Thus, essentially any
measurement has logarithmic sensitivity to the ratio m2V /s, such that for high enough
center of mass energies electroweak corrections become very large.
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Much effort has been put into understanding the electroweak logarithms arising from
virtual corrections [1–19]. A general result for the logarithmic dependence at one-loop has
been derived in [7, 8], and a general method for the resummation of these logarithms has
been developed in [17, 18]. This method uses SCET which has been developed in [20–23].
While real radiation of electroweak gauge bosons typically leads to different experimental
signatures, in many cases some amount of real radiation is included in the event samples.
For example, in many analyses missing energy is not vetoed, such that radiation of Z
bosons which decay to neutrinos is included, and any analysis that is inclusive over the
number of jets includes real radiation of hadronically decaying vector bosons.
Logarithmic dependence from real emission, however, has been studied much less. The
O(α) correction from real emission can of course easily be included using phase space
integrations over tree-level matrix elements, and a study of the effect of such real radiation
on many experimental observables was performed in [24]. It was found that the real
corrections can have a sizable effect, albeit typically not quite as large as the virtual
corrections. The effects of real radiation have recently been studied in [25, 26].
In this paper we consider the Drell-Yan cross sections σpp→`1`2 and σpp→`1`2V . Here `
denotes either an electron, positron or a neutrino, and V denotes either a Z, a photon or a
W boson. For Drell-Yan production at NLO accuracy, the first cross section includes the
tree-level and the one-loop virtual correction, while the second cross section denotes the
real radiation of a gauge boson. Collectively, we will represent these two cross sections as
σpp→`1`2X .
To calculate this hadronic scattering cross-sections one starts as always by factorizing
the short distance partonic scattering from the non-perturbative physics describing the
binding of partons into hadrons
σpp→final =
∑
ab
∫
dxadxb fa/p(xa)fb/p(xb) σˆab→final(xa, xb) , (1.2)
where fi/p(xi) are the parton distribution functions to find parton i in the proton p with
momentum fraction xi, and σˆab→final(xa, xb) denotes the partonic scattering cross-section.
By Lorentz invariance, the dependence of the partonic cross-sections on the momentum
fractions xi is only through the product s = xaxbS, and not through the rapidity Y =
ln(xa/xb)/2. Thus, one can write
dσpp→final
ds
=
∑
ab
Lab(s) σˆab→final(s) , (1.3)
where the parton luminosity is defined as
Lab(s) =
∫
dxadxb fa/p(xa)fb/p(xb) δ(s− xaxbS) . (1.4)
It is the purpose of this paper to derive simple analytical expressions for the resum-
mation of electroweak Sudakov logaritms at leading logarithmic (LL) accuracy. To achieve
this, we combine knowledge of the resummation of the virtual corrections, together with
the known IR structure of real radiation from parton showers. This allows us to obtain
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simple analytical results which we present here. This approach is similar to the one used
in [2], where these effects were discussed focussing on e+e− collider. We then use these
results to give expressions for the individual contributions to the hadronic cross-sections
σpp→`1`2X as a function of the center of mass energy
√
s. We reproduce the well known
fact that resummation has a large effect on the virtual contribution for
√
s & 2 TeV. The
resummation of the real corrections changes the fixed order results by more than 40% for√
s & 2 TeV, and this effect grows to about 200% for √s ∼ 25 TeV.
This paper is organized as follows: In Sec. 2 we set up some notation and derive
general expressions for the cross-sections which highlight the structure of the logarithmic
corrections. In Sec. 3 we give the (well known) fixed order results of the virtual and
real electroweak corrections which are enhanced by two powers of the logarithms LV . In
Sec. 4.1 we give the resummed results for the virtual corrections, keeping only LL accuracy.
In Sec. 4.2, we derive the resummation of the leading logarithmic terms for real corrections.
In Sec. 5 we provide a numerical analyses of these results, both for the 13 TeV LHC and
a 100 TeV pp collider. We finish with Conclusions in Sec. 6.
2 The structure of logarithmic terms in the perturbative expansion
To first order in electroweak perturbation theory the partonic scattering cross-section can
be written as
σˆij→`1`2X = σˆ
(0)
ij→`1`2 + σˆ
(1)
ij→`1`2X , (2.1)
where σˆ
(0)
ij→`1`2 denotes the Born cross-section, and σˆ
(1)
ij→`1`2X the O(α) correction. This
first order perturbative correction can be decomposed into a virtual and real contribution,
and each of these two terms can be further separated by the flavor of the vector boson in
the loop or real final state. This gives
σˆ
(1)
ij→`1`2X =
∑
V
[
σˆVij→`1`2 + σˆij→`1`2V
]
. (2.2)
Here the first term describes the contribution from one-loop diagrams with V = {Z,W±, γ}
in the loop, while the second term is given by the real radiation of an electroweak gauge
boson V .
Each of the terms on the right hand side of Eq. (2.2), contains double and single loga-
rithmic terms of the form αLV and αL
2
V . By the KLN theorem [27], these logarithmically
enhanced terms cancel when we sum over complete gauge multiplets. Thus, the completely
inclusive cross-section has no logarithmically enhanced terms (called “finite” below)∑
a,b,`1,`2
σˆ
(1)
ab→`1`2X = finite . (2.3)
The sum of the initial state is over a, b ∈ {u, d}, that of the final state is over `1, `2 ∈
{e+, e−, ν}, and we sum over the virtual contributions, and well as the real contributions
with either a Z, a photon or W in the final state. Since the logarithmic enhancement
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depends on the mass of the vector boson, the logarithmic corrections from Z bosons, pho-
tons, and W bosons cancel separately between real and virtual corrections. Furthermore,
since the emission of a Z boson or a photon does not change the flavor of a fermion, the
cancellation of the terms enhanced by LZ happens for each flavor assignment separately.
This gives
σˆZab→`1`2 + σˆab→`1`2Z = finite , σˆ
γ
ab→`1`2 + σˆab→`1`2γ = finite . (2.4)
The emission of W bosons, on the other hand, changes the flavor of the fermion. This
implies that the cancellation of the terms enhance by LW only happens after summing
over all flavors ∑
a,b,`1,`2
[
σˆWab→`1`2 + σˆab→`1`2W
]
= finite . (2.5)
An important consequence of Eq. (2.5) is that a finite answer is only obtained if one
sums over all initial state flavors. Thus, the hadronic cross-section given in Eq. (1.3) still
contains contributions enhanced logarithmically by factors of LW . This is because each
initial state flavor is multiplied by a different parton luminosity, such that the sum over
initial state flavors cannot be observed.
3 Fixed order calculations of the virtual and real contributions
In this section we consider the fixed order expansion of the virtual corrections σˆVab→`1`2
and the real contributions σˆab→`1`2V . For both terms, we quote here only the dominant
contributions that are enhanced by two powers of LV .
For completeness, we start with the Born cross-sections, including the contributions
from both photon and Z exchange for the neutral initial and final states, and from W
exchange in the charged cases. They are given by
σˆBuu¯→e−e+ = N
85α21 + 6α1α2 + 9α
2
2
54
σˆBuu¯→νν¯ = N
17α21 − 6α1α2 + 9α22
54
σˆBdd¯→e−e+ = N
25α21 − 6α1α2 + 9α22
54
σˆBdd¯→νν¯ = N
5α21 + 6α1α2 + 9α
2
2
54
σˆBud¯→νe+ = N
2α22
3
σˆBdu¯→e−ν = N
2α22
3
, (3.1)
where we have defined the constant
N =
pi
8NCs
, (3.2)
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with NC = 3 denoting the number of colors. To simplify the notation, we have written our
results in terms of the coupling constants of the unbroken theory
α1 =
αem
cos2 θW
, α2 =
αem
sin2 θW
, (3.3)
where θW is the weak mixing angle and αem is the electromagnetic coupling constant, also
known as the fine-structure constant. All coupling constant are evaluated at the scale
√
s,
the center of mass energy, αi = αi(
√
s).
The virtual corrections from W exchange that are enhanced by two powers of the
logarithm are easily obtained for example using [7] and are given by
σˆW
±
uu¯→e−e+ = −N
αW L
2
W
4pi
11α21 + 6α1α2 + 9α
2
2
27
σˆW
±
uu¯→νν¯ = −N
αW L
2
W
4pi
3α21 − 2α1α2 + 3α22
9
σˆW
±
dd¯→e−e+ = −N
αW L
2
W
4pi
5α21 − 6α1α2 + 9α22
27
σˆW
±
dd¯→νν¯ = −N
αW L
2
W
4pi
α21 + 2α1α2 + 3α
2
2
9
σˆW
±
ud¯→νe+ = −N
αW L
2
W
4pi
4α22
3
σˆW
±
du¯→e−ν = −N
αW L
2
W
4pi
4α22
3
. (3.4)
Those from Z exchange are given by
σˆZuu¯→e−e+ = −N
αZ L
2
Z
4pi
(99− 366s2W + 2210s4W )α21 + (9− 30s2W + 26s4W )
(
6α1α2 + 9α
2
2
)
486
σˆZuu¯→νν¯ = −N
αZ L
2
Z
4pi
(81− 12s2W + 136s4W )α21 + (9− 12s2W + 8s4W )
(−6α1α2 + 9α22)
486
σˆZdd¯→e−e+ = −N
αZ L
2
Z
4pi
5(9− 24s2W + 100s4W )α21 + (9− 24s2W + 20s4W )
(−6α1α2 + 9α22)
486
σˆZdd¯→νν¯ = −N
αZ L
2
Z
4pi
(27− 6s2W + 10s4W )α21 + (9− 6s2W + 2s4W )
(
6α1α2 + 9α
2
2
)
486
σˆZud¯→νe+ = −N
αZ L
2
Z
4pi
2(9− 18s2W + 14s4W )α22
27
σˆZdu¯→e−ν = −N
αZ L
2
Z
4pi
2(9− 18s2W + 14s4W )α22
27
. (3.5)
The virtual corrections from photon exchange that are enhanced by two powers of the
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logarithm are easily obtained and are given by
σˆγ
uu¯→e−e+ = −N
αem L
2
γ
4pi
85α21 + 6α1α2 + 9α
2
2
54
26
9
σˆγuu¯→νν¯ = −N
αem L
2
γ
4pi
17α21 − 6α1α2 + 9α22
54
8
9
σˆγ
dd¯→e−e+ = −N
αem L
2
γ
4pi
25α21 − 6α1α2 + 9α22
54
20
9
σˆγ
dd¯→νν¯ = −N
αem L
2
γ
4pi
5α21 − 6α1α2 + 9α22
54
2
9
σˆγ
ud¯→νe+ = −N
αem L
2
γ
4pi
2α22
3
14
9
σˆγ
du¯→e−ν = −N
αem L
2
γ
4pi
2α22
3
14
9
, (3.6)
where the logarithms depend on a scale Λ, below which a photon is no longer resolved,
Lγ ≡ ln
(
Λ2
s
)
. (3.7)
We have also defined sW = sin(θW ) and
αW = α2 , αZ =
α2
cos2 θW
. (3.8)
The double-logarithmically enhanced real corrections with a Z boson or a photon in
the final state are related to the corresponding virtual corrections via
σˆq1q¯2→`1`2Z = −σˆZq1q¯2→`1`2 , (3.9)
σˆq1q¯2→`1`2γ = −σˆγq1q¯2→`1`2 , (3.10)
which directly follow from Eq. (2.4), for those with a W+ boson in the final state we find
σˆud¯→e−e+W+ = N
αW L
2
W
4pi
5α21 + 27α
2
2
54
σˆud¯→νν¯W+ = N
αW L
2
W
4pi
α21 + 27α
2
2
54
σˆuu¯→e−ν¯W+ = N
αW L
2
W
4pi
17α21 + 27α
2
2
54
σˆdd¯→e−ν¯W+ = N
αW L
2
W
4pi
5α21 + 27α
2
2
54
, (3.11)
while those with a W− are given by
σˆdu¯→e−e+W− = N
αW L
2
W
4pi
5α21 + 27α
2
2
54
σˆdu¯→νν¯W− = N
αW L
2
W
4pi
α21 + 27α
2
2
54
σˆuu¯→νe+W− = N
αW L
2
W
4pi
17α21 + 27α
2
2
54
σˆdd¯→νe+W− = N
αW L
2
W
4pi
5α21 + 27α
2
2
54
. (3.12)
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From these results one can obtain the inclusive cross-sections, which have been summed
over all final state flavors
σˆuu¯ = −N αW L
2
W
4pi
α21 − 3α22
9
σˆdd¯ = −N
αW L
2
W
4pi
α21 − 3α22
9
σˆud¯ = N
αW L
2
W
4pi
α21 − 3α22
9
σˆdu¯ = N
αW L
2
W
4pi
α21 − 3α22
9
. (3.13)
From these expressions one can very easily validate that in
∑
ab σˆab all double logarithms
cancel.
4 LL resummation of the leading logarithms
4.1 Virtual corrections
To resum the electroweak Sudakov logarithms for for the virtual contributions we follow
the work of [18, 28], which uses renormalization group equations in SCET. The calculation
proceeds in three steps. At the scale µ2Q ∼ s, one matches the full theory onto 4-fermion
operators in SCET, where each of the fermion is represented by a different collinear sector
in SCET. One then runs the theory from the scale µQ to the scale µV ∼ mV , at which
point the massive gauge bosons are integrated out of the theory and electroweak symmetry
is broken. As long as s  m2V , the mass of the vector boson can be set to zero in the
matching onto SCET at the scale µQ, and in the calculation of the anomalous dimension
which governs the running from µQ to µV . This implies that one can use an unbroken
SU(2), simplifying these calculations substantially.
In [18, 28], this resummation was carried out in full generality to NLL′ accuracy. For
the purposes of this work, we only work to LL accuracy, which simplifies the structure
significantly. The first simplification is that only tree level matching is required both at
the high and low scale. Furthermore, no operator mixing arises in the running from the
high to the low scale. This will allow us to write relatively simple analytical formulae.
As already mentioned, in the effective theory between µQ and µV one can use unbroken
electroweak symmetry, such that there are a total of 7 operator that contribute
L =CQLT QTLT + CQLS QSLS + CULS USLS + CDLS DSLS
+ CQESQ
SES + CUES U
SES + CDES D
SES , (4.1)
where we have defined the fermion bilinears in either triplet or singlet representation
FS = F¯ γµF , F T = F¯ τaγµF . (4.2)
Here Q and L denote left-handed quark and lepton fields, respectively, while U , D and E
denote the right handed up-type quarks, down-type quarks and electron fields. The tree
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level matching is given by
sC
(0)
QLT = 4piα2
sC
(0)
IFS = 4piα1 YIYF , (4.3)
where I and F denote the initial and final fermions of each singlet operator, and Yi is the
hypercharge of particle i. The hypercharge normalization used is
Yi = Qi − T 3i , (4.4)
where Qi is the electromagnetic charge of the fermion f = q/` and T
3
i is the weak isospin.
In general, the renormalization group can mix these operators, however this mixing
only arises starting at NLL. Since we are only interested in LL accuracy we can write
µ
d
dµ
Oi(µ) = Γi(µ) ln
µ2
s
Oi(µ) , (4.5)
where the cusp anomalous dimension is
Γi(µ) =
∑
j
[
α1(µ)
2pi
Y 2j +
α2(µ)
2pi
T 2j
]
i
. (4.6)
Here [Tj ]
2
i is the SU(2) Casimir of the j’th fermion (3/4 for left-handed fermions and 0 for
right-handed fermions) in Oi.
The solution to this RGE can easily be written down analytically, and one finds for
the Wilson coefficients at the low scale
Ci(µV ) = U
LL
i (µV , µQ)Ci(µQ) . (4.7)
Working in the limit αi lnm
2
V /s ∼ 1, one obtains the simple result
ULLi (µV , µQ; s) =
exp
[
−Γi(
√
s) ln2 µV√
s
]
exp
[
−Γi(
√
s) ln2
µQ√
s
] . (4.8)
For µQ =
√
s and µV = mV this result simplifies to
Ui ≡ ULLi (mV ,
√
s; s) = exp
[
−Γi(
√
s) ln2
mV√
s
]
. (4.9)
Note that the anomalous dimension and therefore the evolution Kernel only depends on
the type of initial and final state particles. Thus, we have
UIFS = UIFT ≡ UIF . (4.10)
The SU(2) ⊗ U(1) gauge structure is broken at µV = mV to the U(1)em, and below
that scale only the photon remains as gauge degree of freedom. Thus, below the scale mV
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one continues to run to a scale µΛ, at which point the photon becomes unresolved. This
running is determined by the cusp anomalous dimension
Γem(µ) =
αem(µ)
2pi
Q2tot , (4.11)
where
Q2tot ≡
∑
i
Q2i (4.12)
is the sum of the square of the electromagnetic charges of all particles in the operator. The
evolution Kernel between µV and µΛ is
U emQ2tot
(µΛ, µV ; s) =
exp
[
−αem2pi Q2tot ln2 µΛ√s
]
exp
[
−αem2pi Q2tot ln2 µV√s
] . (4.13)
We obtain the simple results for the resummed virtual corrections,
σˆLLuu¯→e−e+ = N
4
(
4U2UL + U
2
QE + 16U
2
UE
)
α21 + U
2
QL (α1 + 3α2)
2
54
[
U em26/9 (Λ,mV ; s)
]2
σˆLLuu¯→νν¯ = N
16U2ULα
2
1 + U
2
QL (α1 − 3α2)2
54
[
U em8/9 (Λ,mV ; s)
]2
σˆLLdd¯→e−e+ = N
4
(
U2DL + U
2
QE + 4U
2
DE
)
α21 + U
2
QL (α1 − 3α2)2
54
[
U em20/9 (Λ,mV ; s)
]2
σˆLLdd¯→νν¯ = N
4U2DLα
2
1 + U
2
QL (α1 + 3α2)
2
54
[
U em2/9 (Λ,mV ; s)
]2
σˆLLud¯→νe+ = N
2U2QLα
2
2
3
[
U em14/9 (Λ,mV ; s)
]2
σˆLLdu¯→e−ν = N
2U2QLα
2
2
3
[
U em14/9 (Λ,mV ; s)
]2
. (4.14)
Note that since α1/α2 = tan
2(θW ) ∼ 0.32, the term proportional to α21 (which depends
on various different evolution Kernels) is numerically suppressed compared to the term
proportional to (α1 ± 3α2)2. Thus, to a good approximation, each leptonic final state gets
the same suppression factor UQL from the resummation.
A simple check of our results is that they reproduce the Born results given in Eq. (3.1)
if we set all resummation Kernels to unity, and that they reproduce the fixed order re-
sults in Eqs.(3.4), (3.5), and (3.6) if we use the expansion U2i = 1 − 2Γi ln2 mV√s + . . . and[
U em
Q2tot
(Λ,mV ; s)
]2
= 1 + αem(µ)pi Q
2
tot
(
ln2 mV√
s
− ln2 Λ√
s
)
+ . . ..
4.2 Real corrections
In this section we will calculate the resummation of the real emissions. We first give the
results for the case of a single SU(2) gauge symmetry, and then extend the results to the
case of the broken SU(2) ⊗ U(1) of the standard model.
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4.2.1 Simple SU(2)
For a single SU(2) symmetry, the virtual results can be obtained from Eq. (4.14) by setting
α1 = αem = 0. It will be useful to rewrite them in a slightly different form, separating the
contributions from the different helicities
σˆLL
qH1 q
H
2 →`H1 `H2 = σˆ
B
qH1 q
H
2 →`H1 `H2 ∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s) . (4.15)
The resummed logarithms are now contained in the factor ∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s). The su-
perscript H denotes that each fermion has a fixed helicity. The Born cross-sections are
given by
σˆBqHqH→`H`H = N
8α22
(
T 3
qH
T 3
`H
)2
3
σˆB
qL1 q
L
2→`L1 `L2 = N
2α22
3
, (4.16)
where T 3
qH
denotes the weak isospin of the fermion q/` with helicity H. The factor
∆SU(2)resums the leading logarithms and is given by
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s) = exp
−ASU(2)qH1 qH1 `H1 `H2
2
ln2
m2V
s
 , (4.17)
where
A
SU(2)
qH1 q
H
1 `
H
1 `
H
2
=
α2
2pi
∑
i
T 2i , (4.18)
and the sum over i runs over all particles i ∈ {qH1 , qH1 , `H1 , `H2 }. Summing Eq. (4.15) over
all possible helicity structures, we reproduce Eq. (4.14) in the limit α1 = αem = 0.
By rewriting our result as in Eq. (4.15), one notices that it can be interpreted as the
exclusive cross-section for the scattering process qH1 q
H
2 → `H1 `H2 , where ∆SU(2)qH1 qH2 `H1 `H2 (m
2, s; s)
is a Sudakov factor describing the probability of not having an emission of electroweak gauge
bosons between the scales s and m2V for a process with center of mass energy s. Since of
course the emission of a massive gauge boson always gives rise to a scale above m2V , this
exclusive cross-section is by definition equal to the virtual result.
Eq. (4.15) is precisely the result that a parton shower would predict for the exclu-
sive cross-section1, and one can use insight from parton shower evolution to derive the
expressions for real gauge boson radiation. The real emission of a gauge boson is given in
a parton shower by the product of Altarelli-Parisi splitting functions, which describe the
emission with a given transverse momentum k2T , multiplied by a Sudakov factor, which
gives the no-branching probability above the value of k2T as explained in [29]. Thus, the
1Note that our Sudakov factor for the initial state particles does not include the ratios of PDFs that
usually arise in backward evolution. This ratio of PDFs only contributes to NLL.
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total inclusive real radiation cross-section (the cross section with one or more extra gauge
bosons in the final state) is given by
σˆLL
qH1 q
H
2 →`H1 `H2 +nV = σˆ
B
qH1 q
H
2 →`H1 `H2
∫ s
m2V
dk2T
d
dk2T
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(k2T , s; s)
= σˆB
qH1 q
H
2 →`H1 `H2
[
1−∆SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s)
]
. (4.19)
Such an inclusive cross-section makes sense only if the measurement is not breaking the
SU(2) symmetry. This is because the inclusive cross section is defined at a scale µ ∼ kT ,
while the SU(2) symmetry is only broken at the scale µ ∼ mV . This implies that the flavor
structure one would obtain at the scale kT can be changed by the further emissions of
extra gauge bosons, making an inclusive measurement with definite flavor structure (which
is what breaks the symmetry) ill defined.
Continuing to work in an unbroken SU(2) theory, one can also define the exclusive real
radiation cross section (the cross section with exactly one extra gauge boson in the final
state). This requires adding an extra no-branching probability from the scale k2T to the
scale m2V , which accounts for the fact that no extra gauge bosons are emitted from the
fermions and the extra gauge boson with lower k2T . This extra factor is given by
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2 V
(m2V , k
2
T ; s) ≡ ∆V (m2V , k2T ; kˆ2T )∆SU(2)qH1 qH2 `H1 `H2 (m
2
V , k
2
T ; s) , (4.20)
where the term ∆V gives the probability of not emitting extra gauge bosons off the emitted
vector boson
∆V (m
2
V , k
2
T ; k
2
T ) = exp
[
−α2CA
4pi
ln2
m2V
k2T
]
, (4.21)
while the second term describes the no-emissions probability below kT off the fermions
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , k
2
T ; s) ≡
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s)
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(k2T , s; s)
. (4.22)
Combining everything together, one therefore finds
σˆLL
qH1 q
H
2 →`H1 `H2 +V
= σˆB
qH1 q
H
2 →`H1 `H2
∫ s
m2V
dk2T
d
dk2T
[
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(k2T , s; s)
]
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2 V
(m2V , k
2
T ; s)
= σˆB
qH1 q
H
2 →`H1 `H2 A
SU(2)
qH1 q
H
1 `
H
1 `
H
2
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s)
∫ s
m2V
dk2T
k2T
ln
s
k2T
∆V (m
2
V , k
2
T ; k
2
T ) .
(4.23)
The integral can be performed easily, and we write a general result
Iβ(m
2
V , s) ≡
∫ s
m2V
dk2T
k2T
ln
s
k2T
[
∆V (m
2
V , k
2
T ; k
2
T )
]β
(4.24)
=
2pi
α2 β CA
[√
α2 β CA
2
ln
m2V
s
Erf
(√
α2 β CA
4pi
ln
m2V
s
)
+
[
∆V (m
2
V , s; s)
]β − 1] .
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With this result, the exclusive cross section for a single emission is given by
σˆLL
qH1 q
H
2 →`H1 `H2 +V = σˆ
B
qH1 q
H
2 →`H1 `H2 A
SU(2)
qH1 q
H
1 `
H
1 `
H
2
∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s) I1(m
2
V , s) . (4.25)
4.2.2 Full SU(2) ⊗ U(1)
We now extend the results of Sec. 4.2.1 to include the full SU(2) ⊗ U(1) gauge structure.
The Born cross-section is now given by
σˆBqHqH→`H`H = N
8
(
α2T
3
qH
T 3
`H
+ α1YqHY`H
)2
3
σˆB
qL1 q
L
2→`L1 `L2 = N
2α22
3
, (4.26)
where as before T 3
fH
denotes the weak isospin of the fermion f = q/` with helicity H and
YfH denotes the hypercharge of the fermion f = q/` with helicity H. The hypercharge
normalization used is given by Eq. (4.4).
As in Sec. 4.2.1, we can write the LL cross section as the Born cross section times a
Sudakov factor. However, contrary to the case of a single SU(2) symmetry, in the broken
SU(2)⊗U(1) symmetry of the standard model, below the scale µ = mV one needs to
continue to evolve the operators with the electromagnetic running. This gives
σˆLL
qH1 q
H
2 →`H1 `H2 = σˆ
B
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s) . (4.27)
The Sudakov factor from s to m2V factors into two pieces, one for the SU(2) symmetry and
one for the U(1)
∆qH1 qH2 `H1 `H2
(m2V , s; s) = ∆
SU(2)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s) ∆
U(1)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s) . (4.28)
The SU(2) contribution was given in Eq. (4.17), while the term coming from the U(1)
symmetry is given by
∆
U(1)
qH1 q
H
2 `
H
1 `
H
2
(m2V , s; s)) = exp
−AU(1)qH1 qH2 `H1 `H2
2
ln2
m2V
s
 , (4.29)
with
A
U(1)
qH1 q
H
1 `
H
1 `
H
2
=
α1
2pi
∑
i
Y 2i . (4.30)
The running below mV is determined only by the total charge of the operator, and one
finds
∆em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s) = exp
[
−αemQ
2
tot
4pi
(
ln2
Λ2
s
− ln2 m
2
V
s
)]
. (4.31)
Summing over all possible helicity structures, we reproduce the resummed results of Sec. 4.1.
To obtain the resummation of the real radiation, we follow the steps of Sec. 4.2.1,
taking into account the full SU(2)⊗U(1) structure above m2V and the running due to the
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photon below m2V . For the W
± bosons, the U(1) symmetry does not contribute, but one
needs to be careful about the flavor structure when breaking the electroweak symmetry.
One finds
σˆLL
qH1 q
H
2 →`H1 `H2 +W±
=
[
∆qH1 qH2 `H1 `H2
(m2V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2 W
±(Λ
2,m2V ; s)
∫ s
m2V
dk2T
k2T
ln
s
k2T
∆V (m
2
V , k
2
T ; k
2
T )
]
×
(
σˆB
q′H1 qH2 →`H1 `H2
AW
±
qH1
+ σˆB
qH1 q
′H
2 →`H1 `H2
AW
±
qH2
+ σˆB
qH1 q
H
2 →`′H1 `H2
AW
±
`H1
+ σˆB
qH1 q
H
2 →`H1 `′H2
AW
±
`H2
)
=
[
∆qH1 qH2 `H1 `H2
(m2V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2 W
±(Λ
2,m2V ; s) I1(m
2
V , s)
]
×
(
σˆB
q′H1 qH2 →`H1 `H2
AW
±
qH1
+ σˆB
qH1 q
′H
2 →`H1 `H2
AW
±
qH2
+ σˆB
qH1 q
H
2 →`′H1 `H2
AW
±
`H1
+ σˆB
qH1 q
H
2 →`H1 `′H2
AW
±
`H2
)
,
(4.32)
where f ′ is the fermion f becomes after having radiated a W± that is u′ = d, d′ = u, l′ = ν
and ν ′ = l and for any flavor set which allows a W± emission there is one of the Born cross
section which is zero because its electromagnetic charge is not conserved. Also, we broke
A
SU(2)
qH1 q
H
1 `
H
1 `
H
2
in its component related to the emission of a W±, that is
A
SU(2)
qH1 q
H
1 `
H
1 `
H
2
= AW
3
qH1 q
H
1 `
H
1 `
H
2
+
∑
i
AW
±
i , (4.33)
with
AW
±
fL =
α2
4pi
, AW
±
fR = 0 , A
W 3
qH1 q
H
1 `
H
1 `
H
2
=
α2
2pi
∑
i
(T 3i )
2 . (4.34)
For the emissions of Z bosons and photons, one needs to take into account the mixing
between the third component of the SU(2) gauge symmetry and the U(1) gauge symmetry.
The emission of a W 3 boson is given by
σˆLL
qH1 q
H
2 →`H1 `H2 +W 3 = σˆ
B
qH1 q
H
2 →`H1 `H2 A
W3
qH1 q
H
1 `
H
1 `
H
2
∆qH1 qH2 `H1 `H2
(m2V , s; s)
×∆em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
∫
dk2T
k2T
ln
s
k2T
∆V (m
2
V , k
2
T ; k
2
T ) , (4.35)
while for the emission of a U(1) boson B
σˆLL
qH1 q
H
2 →`H1 `H2 +B = σˆ
B
qH1 q
H
2 →`H1 `H2 A
U(1)
qH1 q
H
1 `
H
1 `
H
2
∆qH1 qH2 `H1 `H2
(m2V , s; s)
×∆em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
∫
dk2T
k2T
ln
s
k2T
. (4.36)
To combine these two expressions into the emission of a Z boson, we have to mix the
amplitude of the emission of a W 3 with the amplitude of the emission of a B. Each
individual emission is given by breaking the coefficient AW
3
qH1 q
H
1 `
H
1 `
H
2
and A
U(1)
qH1 q
H
1 `
H
1 `
H
2
in their
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components for an emission from one fermion, and the amplitude is given by the square
root of this emission. We mix the amplitudes using that
Z = sWB − cWW 3 , (4.37)
where cW = cos(θW ) and sW = sin(θW ). This gives
σˆLL
qH1 q
H
2 →`H1 `H2 +Z = σˆ
B
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
×
∫ s
m2V
dk2T
k2T
ln
s
k2T
RqH1 qH2 `H1 `H2
(m2V , k
2
T ) , (4.38)
where we have defined
RqH1 qH2 `H1 `H2
(m2V , k
2
T ) = αW
∑
i
sW
√
A
U(1)
i
αW
− cW
√
AW
3
i
αW
∆W (m2V , k
2
T ; k
2
T )
2 , (4.39)
with
A
U(1)
fH
=
α1
2pi
Y 2fH , A
W 3
fH =
α1
2pi
(T 3fH )
2 . (4.40)
By using the simple relations√√√√AU(1)fH
αW
=
√
1
2pi
sW
cW
YfH ,
√
AW
3
fH
αW
=
√
1
2pi
T 3fH , (4.41)
we obtain the final result for the Z boson emission cross section
σˆLL
qH1 q
H
2 →`H1 `H2 +Z = σˆ
B
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
(4.42)
×
∫ s
m2V
dk2T
k2T
ln
s
k2T
(
s2WA
U(1)
qH1 q
H
2 `
H
1 `
H
2
−Amixing
qH1 q
H
2 `
H
1 `
H
2
√
∆W (m2V , k
2
T ; k
2
T )
+ c2WA
W 3
qH1 q
H
2 `
H
1 `
H
2
∆W (m
2
V , k
2
T ; k
2
T )
)
= σˆB
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s) ∆
em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)(
s2WA
U(1)
qH1 q
H
2 `
H
1 `
H
2
1
2
ln2
m2V
s
−Amixing
qH1 q
H
2 `
H
1 `
H
2
I 1
2
(m2V , s) + c
2
W A
W 3
qH1 q
H
2 `
H
1 `
H
2
I1(m
2
V , s)
)
, (4.43)
where
Amixing
qH1 q
H
2 `
H
1 `
H
2
=
αem
pi
∑
i
T 3i Yi . (4.44)
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For the emission of a photon, we use that, for a scale higher than the electroweak
bosons masses, the photon is a mixing of the B and W 3 bosons.
γ = cWB + sWW
3 , (4.45)
while, for a scale lower than the electroweak bosons masses, the photon can still be produced
proportionally to the derivative of its no-branching probability ∆em
qH1 q
H
2 `
H
1 `
H
2
(k2T ,m
2
V ; s).
σˆLL
qH1 q
H
2 →`H1 `H2 +γ = σˆ
B
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s)
×
[
∆em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
(
c2WA
U(1)
qH1 q
H
2 `
H
1 `
H
2
1
2
log2(
m2V
s
)
+Amixing
qH1 q
H
2 `
H
1 `
H
2
I 1
2
(m2V , s) + s
2
WA
W 3
qH1 q
H
2 `
H
1 `
H
2
I1(m
2
V , s)
)
+∫ m2V
Λ2
dk2T
d
dk2T
[
∆em
qH1 q
H
2 `
H
1 `
H
2
(k2T ,m
2
V ; s)
]
∆em
qH1 q
H
2 `
H
1 `
H
2
(Λ2, k2T ; s)
]
= σˆB
qH1 q
H
2 →`H1 `H2 ∆qH1 qH2 `H1 `H2 (m
2
V , s; s)∆
em
qH1 q
H
2 `
H
1 `
H
2
(Λ2,m2V ; s)
×
[
c2WA
U(1)
qH1 q
H
2 `
H
1 `
H
2
1
2
log2(
m2V
s
) +Amixing
qH1 q
H
2 `
H
1 `
H
2
I 1
2
(m2V , s)+
s2WA
W 3
qH1 q
H
2 `
H
1 `
H
2
I1(m
2
V , s) +
αQ2tot
4pi
(
ln2
Λ2
s
− ln2 m
2
V
s
)]
. (4.46)
5 Results
In this section we analyze the results presented in the last two sections for both the the 13
TeV LHC and a 100 TeV proton-proton collider. The main reason to present the results
for a 100 TeV collider is that it is the main candidate to succeed to the LHC and the
importance of our results increase with the energy. Our results show that resumming both
the real and virtual logarithms is essential for a 100 TeV collider.
We begin by explaining the format used in all of our plots: solid lines represent the
resummed LL corrections, while dashed lines are the fixed order double logarithmic cor-
rection. Black lines correspond to the virtual corrections while the real corrections with
Z, photon, W+ and W− are shown in red, orange, blue and green, respectively. For each
plot, we show on the top the perturbative corrections relative to the Born, in the middle
the relative size of the resummation and on the bottom the total perturbative correction
after summing virtual and real relative to the Born. To be more precise, on the top we
plot for virtual and real
Virt :
σpp→`1`2 − σBpp→`1`2
σBpp→`1`2
, Real (V) :
σpp→`1`2V
σBpp→`1`2
, (5.1)
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Figure 1: The cross-section summed over all lepton flavors for the 13 TeV LHC. On
the top we show the individual corrections relative to the Born cross-section as defined
in Eq. (5.1), in the middle the relative size of the resummation as defined in Eq. (5.2),
while on the bottom we show the total perturbartive correction relative to the Born as
defined in Eq. (5.3). Virtual corrections are shown in black, while real corrections with a
Z, photon, W+, W− are shown in green, orange, red and blue. Resummed corrections are
shown in solid lines, while fixed order results are dashed. The x-axis denotes the fraction
of the partonic center of mass energy relative to the collider center of mass energy.
using either the resummed or fixed order expression. In the middle we show for the virtual
contribution
Virt :
σFOpp→`1`2 − σRespp→`1`2
σRespp→`1`2
, Real (V) :
σFOpp→`1`2V − σRespp→`1`2V
σRespp→`1`2V
, (5.2)
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Figure 2: The cross-section summed over all lepton flavors for a 100 TeV pp collider on
the right. All colors are the same as in Fig. 1.
while for the lower plot we show
σpp→`1`2 + σpp→`1`2V − σBpp→`1`2
σBpp→`1`2
, (5.3)
for both fixed order and resummed. All effects are shown as a percentage.
We start with the result for the fully inclusive cross-section, where we sum over the
flavors of all final state particles. In other words, we are summing over the virtual cor-
rections for any lepton flavor, and the real corrections for any lepton flavor and gauge
boson type. In terms of equations, for the fixed order result, the virtual are obtained by
summing over all terms in Eqs. (3.4), (3.5), and (3.6); while the real are given by Eqs.
(3.9), (3.11), (3.12), and (3.10). The resummed result are given by Eqs. (4.14), (4.43),
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(a) 13 TeV LHC
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(b) 100 TeV collider
Figure 3: The cross-section for e+e− for the 13 TeV LHC on the left, and 100 TeV pp
collider on the right. All colors are the same as in Fig. 1. Note that the scaling of the y
axis is different for the LHC and the 100 TeV collider.
(4.32), and (4.46). All those results are for Λ = mZ , that is we are resolving the photon
only down to the mass of the Z. A lower Λ would reduce all the exclusive cross section
but the real cross section for photon as calculated in eq. (4.46) which will increase up to
a value of Λ low enough than
αQ2tot
4pi
(
ln2 Λ
2
s − ln2
m2V
s
)
= 1 − c2WAU(1)qH1 qH2 `H1 `H2
1
2 log
2(
m2V
s ) −
Amixing
qH1 q
H
2 `
H
1 `
H
2
I 1
2
(m2V , s)−s2WAW
3
qH1 q
H
2 `
H
1 `
H
2
I1(m
2
V , s), and then decrease if Λ continues to be low-
ered.
The results for the virtual and real contributions both at fixed and resummed order
are shown in Fig. 1 for the LHC and in Fig. 2 for the 100 TeV collider. For the LHC, the
corrections from virtual contributions range from O(15%) at √s ∼ 1 TeV to O(30%) at√
s ∼ 3 TeV, while the real corrections for a given gauge boson are about a factor of 3
smaller individually. However, as can be seen from the ratio plot in the middle, the relative
effect of the resummation is more than twice bigger for the real correction compared to
the virtual correction. This clearly shows that the size of the resummation effect cannot
be inferred from the size of the fixed order correction alone. The relative effect of the
resummation for the virtual reaches from O(10%) at √s ∼ 1 TeV to O(20%) at √s ∼ 3
TeV while the relative effect of the resummation for the real reaches from O(20%) at√
s ∼ 1 TeV to O(50%) at √s ∼ 3 TeV.
In the lower part of the plot for the fixed order, one can see that after summing the
virtual and real, the perturbative corrections largely cancel, but a small effect at the O(1%)
level persists. For a fully inclusive cross section the logarithmically enhanced virtual and
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(a) 13 TeV LHC
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(b) 100 TeV collider
Figure 4: The cross-section for ν¯ν for the 13 TeV LHC on the left, and 100 TeV pp collider
on the right. All colors are the same as in Fig. 1.
real corrections cancel against each other, up to the fact that the pp initial state is not an
iso-singlet. The large cancellation can be understood from Eq. (3.13), which shows that
switching the flavor of initial state anti-quark changes the sign of the partonic cross-section.
Since pdf’s for sea quarks are similar in magnitude, one expects fu¯/p ∼ fd¯/p, explaining the
cancellation. For the resummed result on the other hand, there is no cancellation. That is
because even if the initial state is an SU(2) singlet, the cancellation would occur only for
an inclusive result, that is summing the virtual to the real for any number of gauge boson.
The remaining correction for the resummed result is thus mostly due to the production of
more than one gauge boson with also an order 1% correction due to the initial state not
being an SU(2) singlet. This remaining correction ranges from 2% at
√
s ∼ 5 TeV to 7%
at
√
s ∼ 25 TeV.
For the 100 TeV collider, the results are qualitatively the same, but given the much
larger reach in energy, the overall size of the effects are much larger. The virtual contri-
butions range from O(30%) at √s ∼ 5 TeV to O(60%) at √s ∼ 25 TeV, with the real
corrections again roughly a factor of 3 smaller. The relative size of the resummation, is
also much larger, and at
√
s ∼ 25 TeV changes the result by O(50%) for the virtual and
by O(200%) for the real corrections. Thus, at such large energies, resummation has to be
included to get a reliable estimate of the effects, not only for virtual corrections but also
for the real emissions. Once the virtual and real corrections are added at fixed order, the
total corrections again are very small, at the percent level; while for the resummed result,
the total correction ranges from O(10%) at √s ∼ 5 TeV to O(30%) at √s ∼ 25 TeV.
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(a) 13 TeV LHC
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(b) 100 TeV collider
Figure 5: The cross-section summed for e+ν for the 13 TeV LHC on the left, and 100
TeV pp collider on the right. All colors are the same as in Fig. 1.
Next, we consider the results for final states with specific leptons flavors. From the
Figures 3 to 6, one can see that at the LHC, the virtual corrections range from O(15%)
at
√
s ∼ 1 TeV to O(30%) at √s ∼ 3 TeV, with the exact numbers depending on the
leptonic final state chosen, while at a 100 TeV collider they can exceed 50% at
√
s ∼ 25
TeV. Resummation at the LHC changes the virtual corrections by O(10%) at √s ∼ 1 TeV
to O(20%) at √s ∼ 3 TeV, while at a 100 TeV collider the effect can become as large as
50%. Resummation at the LHC changes the real corrections by O(20%) at √s ∼ 1 TeV
to O(60%) at √s ∼ 3 TeV, while at a 100 TeV collider the effect can become as large
as 200%. After summing over virtual and real corrections, the remaining perturbative
corrections grow with energy are much larger than in the fully inclusive case. This is of
course expected, since by specifying the leptonic final state, we are not considering an
inclusive final state any longer.
6 Conclusions
In this paper, we considered Drell-Yan production of leptons at a hadron collider, and
presented result for the logarithmic resummation at LL accuracy for electroweak corrections
to the total cross-section in simple analytic form.
Using these analytical results, we have analyzed the size of the corrections numerically
for the 13 TeV LHC and a possible future 100 TeV pp collider. Our results show than the
real resummation is as important as the virtual resummation and its importance increases
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(a) 13 TeV LHC
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(b) 100 TeV collider
Figure 6: The cross-section for ν¯e− for the 13 TeV LHC on the left, and 100 TeV pp
collider on the right. All colors are the same as in Fig. 1.
fast with the partonic center of mass energy: at the LHC, the resummation effect over the
fixed order goes from around 10% at 1 TeV to around 20% at 3 TeV for the virtual with
any leptonic final state and goes from around 20% at 1 TeV to around 50% at 3 TeV for
all kinds of real emissions with any leptonic final state. The resummed virtual over the
Born cross-section goes from around 10% at 1 TeV to 30% at 3 TeV, while each resummed
reals are around the third of the resummed virtual. At a future 100 TeV pp collider, the
resummation effects over the fixed order can be much larger, and are around 50% for the
virtual and 200% for the real at 25 TeV in most cases. The resummed virtual over the
Born cross-section is around 80% at 25 TeV.
For final states with fixed lepton flavors, summing the virtual and real corrections does
not reduce the magnitude of the double logarithmic terms, as expected for a result that
is not inclusive. After summing over all lepton flavors, a large cancellation is observed at
fixed order, but a small logarithmic sensitivity remains, due to the fact that protons are
not SU(2) singlets. On the other hand, for the resummed results, a large effect remains
because we are including only the first emission for the real. The cancellation will happen
only for an inclusive result, that is summing the virtual and the real for any number of
emitted bosons.
In this paper, we have only considered the resummation of the real corrections to the
total cross-section, and not given results that are differential in the emitted vector boson.
That implies that we were only able to present results that were differential in s, and not
m``, since these differ for real emissions. However, one can use the same approach used in
– 21 –
this work, namely using the analogy to a parton shower, to obtain results that are fully
differential. This will be the subject of a future paper.
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